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Introduction

Hedging problem: introduction

We have a financial asset with price S; modeled by a stochastic
process. For example,

dSt = rStdt + O'Stth.

An option on this asset is a derivative product depending on S;.
Its payoff at a future date T is modeled by a random variable Hr.
For example,

HT = max(ST — K,O)

Hedging problem: approach Ht by a dynamic portfolio containing
bonds and stock S;

T T
Ht ~ vT—/ ¢2d3t+/ &¢dS;.
0 0

Ekaterina Voltchkova Asymptotic analysis of hedging errors in models with jumps



Introduction

edging in incomplete markets

Suppose that stock price S; is a diffusion process:
— = /,L(t, St)dt + O'(t, St)th

Consider a European option with terminal payoff Hr = h(S7). Its
price has the form C; = C(t, St).

Then there exists a hedging portfolio which replicates Ht exactly:

T
Hr = [ onds,
0
(we assume for simplicity r = 0)

with ¢ = 95(t, Sp).
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Introduction
Hedging in incomplete markets
Discrete hedging

Hedging in incomplete markets

@ Incomplete market: exact replication impossible.
@ Hedging is now an approximation problem.
@ Industry practice: sensitivities to risk factors
oC(t,S o .
Delta = (GSt) :infinitesimal moves, hedge with stock
0°C(t,S

Gamma = a(sét) . bigger moves; hedge with liquid options

@ Quadratic hedging: control the residual error

T 2
min E <C +/ <Z>td5t — HT>
¢ 0

All these strategies require a continuously rebalanced portfolio.
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Discrete hedging

@ Continuous rebalancing is unfeasible: in practice, the strategy
¢+ is replaced with a discrete strategy, leading to the hedging
error of the “second type”: error of approximating the
continuous portfolio with a discrete one.

@ The simplest choice is ¢f := qﬁh[t/h], h=T/n.

@ This discretization error has only been studied in the case of
continuous processes.
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Discrete hedging: the complete market case

@ Bertsimas, Kogan and Lo '98 introduced an asymptotic
approach allowing to study discrete hedging in continuous
time.

Suppose

dSSt = /,L(t, St)dt + O'(t, St)th
t

and we want to hedge a European option with payoff h(S7) using
delta-hedging ¢: = %
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Discrete hedging

CLT for hedging error

The discrete hedging error is defined by

)
— h(S7) - /O o1dS,

Then €% — 0 but the renormalized error \/ne’}- converges to

T a2c22 .
,/2/0 © St

where W* is a Brownian motion independent of W.
e Hedging error decays as v/h.
@ It is orthogonal to the stock price.

@ The amplitude is determined by the gamma %
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Intuition

In complete market,

)
en = /0 (¢ — 92)dS,

Let S; = W; and consider the renormalized error over one hedging
interval:

7 [ Gew - g aw. ~ 225 ——wi — )

The random variable r(Wz h) has mean zero, variance h and
is uncorrelated with W,
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Approximating hedging portfolios

Hayashi and Mykland '05 interpreted the discrete hedging error as
the error of approximating the “ideal” hedging portfolio fOT ¢+dS;

with a feasible hedging portfolio fOT o7dS:
e This makes sense in incomplete markets

Suppose ¢ and S are It processes:
d(Z)t = /]tdt + &tth‘ and dSt = /.Ltdt + O'tth. Then

T t
\/ES? = 2/ &SUSdWS*,
V 0
t
where £} ::/ (¢ps — ¢2)dSs.
0

e Weak convergence of processes in the Skorokhod topology on
the space D of cadlag functions
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Discrete hedging in presence of jumps

The idea of approximating stochastic integrals goes back to
Rootzen (80)

More recently, results by Geiss (02), (06), (07) but all authors work
with continuous processes

Our idea: study the discretization error

t
ey 1= /0 (ps— — P7_)dSs
in presence of jumps in the underlying and the hedging strategy.

e Some tools are available in the study of the approximation error
of the Lévy-driven Euler scheme by Jacod and Protter (98)
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Model setup

Model setup: Lévy-1td processes

Xt:X0+/,usds+/ode—|—// jdsxdz)
|z|<1
/ / J(ds x dz).
\z\>1

@ J: Poisson random measure with intensity dt X v

e 1 and o are cadlag (F¢)-adapted

o 7 2 x [0, T] x R— Ris such that (w, z) — 7+(z) is
Fi x B(R)-measurable Vt and t — v¢(z) is caglad Vw, z;

(2)? < Adp(2), /| _ plaan) <o

with p positive deterministic and A caglad (F;)-adapted.



Model setup

Model setup

@ The stock price S is a Lévy-It process with coefficients
Wy 0,7,

@ The continuous-time strategy ¢ is a Lévy-1td process
(driven by the same W and J) with coefficients i, ,4.

@ The agent uses the discrete-time strategy ¢ := dp[¢/p)
instead of the continuous-time strategy ¢;.
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Hedging error asymptotics The asymptotic error process

Main result

The discretization error satisfies

T t
ﬁs?—>“2/ O’sadeS*—l—\/T E A(b'ri\/af;o"ri
0

i Ti<t
+VT Y ASr /1= (gor—.
i T; <t

W* is a standard BM independent from W and J,

(&k)k>1 and (&} )k>1 are two sequences of independent N(0, 1),
(Ck)k>1 is sequence of independent U([0,1])
(

)
Ti)i>1 are the jump times of J enumerated in any order.
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Hedging error asymptotics The asymptotic error process

The normalizing sequence

The normalizing factor need not be equal to v/n.
Suppose ¢ and S move only by finite-intensity jumps. If there is
only one jump between t; and tx41,
tir1 Tt
(bt—dst = ¢T,‘*A5T; = (btkAST,' = ¢g7d5t
ty L

Therefore Plef # 0] = O(1/n) and
n“ef — 0
in probability V.
More generally, if S and ¢ are Lévy-1td processes without diffusion
parts,
Vnel — 0

in probability uniformly on t.
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Delta-hedging in a Lévy market
Applications

Application: delta-hedging in a Lévy market

t
Stzsoext, Xt:bt+UWt+/ /ZJ(dSX dZ)

C(t,5) = EO[H(S )], o0 = 0o ()
Suppose

@ The Lévy measure is finite and has a regular density (e.g.
Merton model).

@ The payoff function H is piecewise smooth with a finite
number of discontinuities.
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Delta-hedging in a Lévy market
Applications

Application: delta-hedging in a Lévy market

Apply the 1t6 formula to get the decomposition for ¢:

2
g, — g2C(ES) :{a C

5 02 33C _,
2
0S otosS Fb+o/ )852 ety 2 8535 }d

02(: 49 OC

Under the hypotheses on H and v it can be shown that the
coefficients do not explose in T: almost all trajectories end in a
point where H is smooth.
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Delta-hedging in a Lévy market
Applications

Application: delta-hedging in a Lévy market

The main result then implies \/ne? — Z; with

0°C , .
Zt—\/7/ S2o g +WZA € Vetios,
+\/?ZASS\/1?(,-E,{055—@(5, Ss-)
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Delta-hedging in a Lévy market
Applications

Application: risk of a hedged option position

If E[Z?] < 0o, we can estimate the risk of a hedged option
position using

Pllef| > 6] < \[5[22]1/2

with (small jump size approximation)

T [t 9%C
E[ZE]%2/O E[54<852>

This should be compared to the MSE from market incompleteness:

ctd~} [ €[5t (55) | [l v
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Delta-hedging in a Lévy market

Applications

Merci!
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Proof of the main results

Idea of the proof

Main tools:

e If (X") and (Y") are two sequences of processes such that
snip |IX{ — Y{| — 0 in probability
and X" — X weakly then Y” — X weakly.
o Let (2m)m>1 be a sequence of subsets of Q with
Iinr’,n P(Qm) =1

If, for every m, X;1q, — Xlq, weakly, then X, — X weakly.

Allows to reduce to bounded coefficients and bounded jumps.
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Proof of the main results

Idea of the proof

Step 1 Remove the big jumps
Step 2 Remove the small jumps

Step 3 Now we can write

Se=S+S{+5+5!

st = [ (et [reteten)) as

t
Sf:/ osdW;
0
] t
S :/ /'ys(z)J(ds X dz)
0

and qﬁt:d)o%—qﬁf-ﬁ-(ﬁf—kgzﬂ.
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Proof of the main results

Idea of the proof

The leading terms in the hedging error are

t
1. f/ (¢S — 5™ dSE  — ,/z/asgsdws*
0

as in Bertsimas et al. '98

2. \/ﬁ/ot(dﬂs — ¢LM)dSE (see next slides)

3. f/ (¢S — ¢S")dS! (see next slides)
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Proof of the main results

Idea of the proof

Notation: if T; € (tk, tk+1] then t, = 0( T,') and tx41 = T/J(T,)
t _ ¥(Ti)
2 Va [hoednss & VR Y s [
inT;i<t

(the two processes differ if there exist (tx, txt+1] with > 2 jumps:
an event with probability O(1/n) )

(T;)
~ Y AqﬁTioTi\/ﬁ/T dWe  — VT Y Adror /G

i T;<t i i T;i<t

since

d
V(W) —Wr) = V/n(4(T;) — W1 u([o, T/n]) N(0, 1)



Proof of the main results

Idea of the proof

Similarly,
t ) T;
3. ﬁ/ dsi = ﬁZAST,/
0 ITi<t o(T:)
.T/-
~ Z ASTA&G(T,)\/B/ dWs
PTi<t o(Ti)
- \/7 Z AST;&T;—V 1-— C,fll
i T; <t
since ;
\/E( WT,. - WO(T,')) ~ v/ n( T,' - H(T,))W]_
and

Ti—0(Ti) = T/n—(¥(Ti) = T7))
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